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1. Introduction
In this paper we denote complex and real n-space by Cn and Rn respectively. We

write the elements (s1, s2, ..., sn), (Re s1, Re s2, ..., Re sn), (σ1, σ2, ..., σn), (m1,m2,
...,mn) etc. of Cn by their corresponding unsuffixed symbols s, Re s, σ, m etc.
respectively.
For x, y ∈ Cn, we define x = (x1, x2, ..., xn), y = (y1, y2, ..., yn), xy = (x1y1, x2y2, ...,
xnyn), ||x|| = x1 +x2+ ...+xn, x+r = (x1 +r, x2 +r, ..., xn+r) for r ∈ R. By In we
shall mean the Cartesian product of n copies of I where I is the set of non-negative
integers. For k ∈ I, k̄ will denote the real n-tuple (k, k, ..., k). For an entire function

f with domain Cn, fk will denote the function ∂||k||f

∂
k1
s1
...∂knsn

, where k ∈ In and f (0̄) = f.

Consider the multiple Dirichlet series

f(s1, s2, ..., sn) =
∞∑

m1,m2,...,mn=1

am1,m2,...,mnexp(s1λ1m1 + s2λ2m2 + ...+ snλnmn)
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i.e., f(s) =
∞∑
m=1

amexp||sλnmn||, (sj = σj + itj, j = 1, 2, .., n) (1.1)

where am ∈ C, λnmn denotes the real-tuple (λ1m1 , λ2m2 , ..., λnmn); 0 ≤ λp1 < λp2 <
... < λpk →∞ as k →∞, for p = 1, 2, ..., n.
Janusaukas [2] had shown that if there exists a tuple p > 0̄ = (0, 0, ..., 0) such that

lim sup
||m||→∞

∑n
k=1 logmk

||pλnmn||
= 0 (1.2)

then the domain of absolute convergence of the series (1.1) coincides with its domain
of convergence.
The necessary and sufficient [4] condition that the series (1.1) satisfying (1.2) to
be entire is that

lim sup
||m||→∞

log|am|
||λnmn||

= −∞. (1.3)

For two entire functions f and g, Hadamard product [6] f ∗ g is defined by

f(s) ∗ g(s) =
∞∑
m=1

ambmexp||sλnmn|| (1.4)

where f(s) =
∑∞

m=1 amexp||sλnmn|| and g(s) =
∑∞

m=1 bmexp||sλnmn ||.
For k ∈ In, we define

fk(s) =
∞∑
m=1

λknmnamexp||sλnmn|| (1.5)

and

fk(s) ∗ gk(s) =
∞∑
m=1

λ2k
nmnambmexp||sλnmn||. (1.6)

Following Sato [3], we write log[0]x = x, exp[0]x = x and for positive integer m ≥ 1,
log[m]x = log(log[m−1]x), exp[m]x = exp(exp[m−1]x).
In this paper F stands for the family of all multiple Dirichlet series of the form
(1.1) satisfying (1.2) and (1.3). Then f ∈ F denotes an entire function over Cn. For
given l ∈ Rn, Sarkar [4] defined the poly half plane D as D = {s : s ∈ Cn, Re s =
σ ≤ l}. Then the region D + r depending on the parameter r ∈ R is defined as
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D+ r = {s+ r : s ∈ D}. For any f ∈ F, Sarkar [4] defined the maximum modulus
Mf,D(r) with respect to the region D where r ∈ R as

Mf,D(r) = sup{|f(s)| : s ∈ D + r}.

Also the maximum term µf = µf (σ) at σ ∈ Rn is defined by

µf (σ) = sup
m∈Nn

{|am|exp||σλnmn||}

where N is the set of all positive integers.

Definition 1.1. [4] The Gol’dberg order ρ(D) of f with respect to the domain D
is defined as

ρ(D) = lim sup
r→∞

loglogMf,D(r)

r
.

Definition 1.2. [4] The Gol’dberg order ρk(D) of fk with respect to the domain
D is defined as

ρk(D) = lim sup
r→∞

loglogMfk,D(r)

r
.

Definition 1.3. [4] The Gol’dberg type τ(D) of f with respect to the domain D is
defined as

τ(D) = lim sup
r→∞

logMf,D(r)

erρ(D)
, if ρ(D) > 0.

Definition 1.4. [4] f ∈ F is of Gol’dberg order ρ iff ρ = ρ(D) = lim sup||m||→∞
||λnmn|| log||λnmn||
−log{|am|φD(m)}

where φD(m) = sups∈D | exp||sλnmn|| |.

In [4], Sarkar proved the following theorems.

Theorem 1.1. Let f ∈ F. Then

µf (l + σ) ≤Mf,D(σ) ≤ Kµf (l + σ + ε)

where K is positive constant depending on ε ∈ R+.

Theorem 1.2. Let f ∈ F. Then for any K ∈ R
(i) ρ(D +K) = ρ(D)
(ii) If ρ(D) > 0, then τ(D +K) = eKρ τ(D) where ρ = ρ(D).
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In [1], Alam proved the following theorems.

Theorem 1.3. The function fk ∗ gk as defined (1.6) is an entire function.

Theorem 1.4. Let f and g be entire functions where

fk(s) =
∞∑
m=1

λknmn
amexp{sλnmn}

and

gk(s) =
∞∑
m=1

λknmn
bmexp{sλnmn}

having G-order ρkf (0 < ρkf < ∞) and ρkg (0 < ρkg < ∞) respectively. Then

fk(s)∗gk(s) is an entire function with G-order ρk such that ρk ≤ (ρkfρkg)
1
2 provided

that

log
1

|λ2k
nmn

ambm|
∼ [log

1

|λknmn
am|

log
1

|λknmn
bm|

]
1
2 .

Theorem 1.5. Let fk and gk be entire functions of G-order ρkf (0 < ρkf < ∞)
and ρkg (0 < ρkg < ∞) and finite G-type Tkf (D) and Tkg(D) respectively having
the same fundamental domain D. If fk ∗ gk is of G-order ρk (0 < ρk <∞), where
logMfk∗gk(r) ∼ logMfk,D(r)logMgk,D(r), then ρk ≤ ρkf + ρkg .
Also if Tk(D) be the G-type of fk ∗ gk with respect to the domain D then Tk(D) ≤
Tkf (D)Tkg(D) provided the sign of equality holds in ρk ≤ ρkf + ρkg .
In [5], Singh and Rastogi proved the following theorems.

Theorem 1.6. Let f be an entire function defined in domain D and k ∈ R. Then
(i) ρq(D + k) = ρq(D)
(ii) If ρq(D) > 0, then T q(D + k) = T q(D).

Theorem 1.7. Let f and g be entire functions, where

fk(s) =
∞∑
m=1

λknmn
amexp{sλnmn}

and

gk(s) =
∞∑
m=1

λknmn
bmexp{sλnmn}

having qth Gol’dberg order ρqkf (0 < ρqkf <∞) and ρqkg (0 < ρqkg <∞) respectively.

Then fk(s) ∗ gk(s) is an entire function with qth Gol’dberg order ρqk such that ρqk ≤
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(ρqkfρ
q
kg

)
1
2 provided

log
1

|λ2k
nmn

ambm|
∼ [log

1

|λknmn
am|

log
1

|λknmn
bm|

]
1
2 .

Theorem 1.8. Let fk and gk be entire functions with qth Gol’dberg order ρqkf (0 <

ρqkf < ∞) and ρqkg (0 < ρqkg < ∞) respectively and also qth Gol’dberg type T qkf and

T qkg . Then ρqk ≤ ρqkf + ρqkg and also T qk ≤ T qkf (D)T qkg(D).

Theorem 1.9. If

ρq(D) = lim sup
σ→∞

log[q]Mf,D(σ)

logσ

then

lim sup
σ→∞

log[q]µf,D(l + σ)

logσ
≤ ρ

and

lim sup
σ→∞

log[q]µf,D(l + σ + ε)

logσ
≥ ρ

k
,

where k is a positive constant.

With this in view we first introduce the following definitions.
Definition 1.5. The (p, q)th Gol’dberg order of an entire function f in the corre-
sponding domain D is defined by

ρ[p,q](D) = lim sup
σ→∞

log[p]Mf,D(σ)

log[q]σ
.

Definition 1.6. The (p, q)th Gol’dberg type of an entire function f in the corre-
sponding domain D is defined by

T [p,q](D) = lim sup
σ→∞

log[p−1]Mf,D(σ)

[log[q−1]σ]ρ[p,q](D)
.

Definition 1.7. The (p, q)th Gol’dberg order of an entire function fk in the cor-
responding domain D is defined by

ρ
[p,q]
kf

(D) = lim sup
σ→∞

log[p]Mfk,D(σ)

log[q]σ
. (1.7)
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Definition 1.8. The (p, q)th Gol’dberg type of an entire function fk in the corre-
sponding domain D is defined by

T
[p,q]
kf

(D) = lim sup
σ→∞

log[p−1]Mfk,D(σ)

[log[q−1]σ]
ρ
[p,q]
kf

(D)
. (1.8)

2. Main Results
With these definitions of (p, q)th Gol’dberg order and (p, q)th Gol’dberg type we

prove above theorems in this direction.

Theorem 2.1. Let f be an entire function defined in domain D and K ∈ R. Then
(i) ρ[p,q](D +K) = ρ[p,q](D)
(ii) If ρ[p,q](D) > 0, then T [p,q](D +K) = T [p,q](D).

Proof. (i) Let K ∈ R. Then from the definition of ρ[p,q](D) we write

ρ[p,q](D) = lim sup
σ→∞

log[p]Mf,D(σ +K)

log[q](σ +K)

= lim sup
σ→∞

log[p]Mf,D+K(σ)

log[q](σ)

log[q](σ)

log[q](σ +K)

= ρ[p,q](D +K).

(ii) By the definition of T [p,q](D) we write

T [p,q](D) = lim sup
σ→∞

log[p−1]Mf,D(σ +K)

[log[q−1](σ +K)]ρ[p,q](D)

= lim sup
σ→∞

log[p−1]Mf,D+K(σ)

[log[q−1]σ]ρ[p,q](D)

[log[q−1]σ]ρ
[p,q](D)

[log[q−1](σ +K)]ρ[p,q](D)

= T [p,q](D +K).

Remark 2.1. From Theorem 2.1, it is clear that the (p, q)th Gol’dberg order and
(p, q)th Gol’dberg type of f ∈ F are independent of the choice of the poly half plane
D.

Theorem 2.2. Let f and g be entire functions, where

fk(s) =
∞∑
m=1

λknmn
amexp{sλnmn}

and

gk(s) =
∞∑
m=1

λknmn
bmexp{sλnmn}
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having (p, q)th Gol’dberg order ρ
[p,q]
kf

(0 < ρ
[p,q]
kf

< ∞) and ρ
[p,q]
kg

(0 < ρ
[p,q]
kg

< ∞)

respectively. Then fk(s) ∗ gk(s) is an entire function with (p, q)th Gol’dberg order

ρ
[p,q]
k such that ρ

[p,q]
k ≤ (ρ

[p,q]
kf

.ρ
[p,q]
kg

)
1
2 provided

log[p]Mfk∗gk,D(σ) ∼ [log[p]Mfk,D(σ).log[p]Mgk,D(σ)]
1
2 .

Proof. We have fk(s) ∗ gk(s) is an entire function by Theorem 1.3.
Now from the definition of (p, q)th Gol’dberg order of entire functions fk and gk

we write,

ρ
[p,q]
kf

= lim sup
σ→∞

log[p]Mfk,D(σ)

log[q]σ

and

ρ
[p,q]
kg

= lim sup
σ→∞

log[p]Mgk,D(σ)

log[q]σ
.

Hence for an arbitrary ε > 0,

log[p]Mfk,D(σ)

log[q]σ
≤ (ρ

[p,q]
kf

+
ε

2
)

and
log[p]Mgk,D(σ)

log[q]σ
≤ (ρ

[p,q]
kg

+
ε

2
).

Now taking product we get,

log[p]Mfk,D(σ).log[p]Mgk,D(σ)

(log[q]σ)2
≤ (ρ

[p,q]
kf

+
ε

2
)(ρ

[p,q]
kg

+
ε

2
)

or,
[log[p]Mfk,D(σ).log[p]Mgk,D(σ)]

1
2

(log[q]σ)
≤ [(ρ

[p,q]
kf

+
ε

2
)(ρ

[p,q]
kg

+
ε

2
)]

1
2 .

Now if
log[p]Mfk∗gk,D(σ) ∼ [log[p]Mfk,D(σ).log[p]Mgk,D(σ)]

1
2

then we get from above

log[p]Mfk∗gk,D(σ)

log[q]σ
≤ [(ρ

[p,q]
kf

+
ε

2
)(ρ

[p,q]
kg

+
ε

2
)]

1
2 .

Therefore,

lim sup
σ→∞

log[p]Mfk∗gk,D(σ)

log[q]σ
≤ [ρ

[p,q]
kf

.ρ
[p,q]
kg

]
1
2 .
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Hence ρ
[p,q]
k ≤ (ρ

[p,q]
kf

.ρ
[p,q]
kg

)
1
2 .

Theorem 2.3. Let fk(s) and gk(s) be entire functions with (p, q)th Gol’dberg order

ρ
[p,q]
kf

(0 < ρ
[p,q]
kf

< ∞) and ρ
[p,q]
kg

(0 < ρ
[p,q]
kg

< ∞) and finite (p, q)th Gol’dberg type

T
[p,q]
kf

and T
[p,q]
kg

respectively having the same fundamental domain D. If fk(s) ∗
gk(s) is of (p, q)th Gol’dberg order ρ

[p,q]
k (0 < ρ

[p,q]
k < ∞), where [log[p−1]Mfk,D

(σ) log[p−1]Mgk,D (σ)] ∼ log[p−1] Mfk∗gk,D(σ), then ρ
[p,q]
k ≤ ρ

[p,q]
kf

+ρ
[p,q]
kg

.

Also if T
[p,q]
k be the (p, q)th Gol’dberg type of fk(s)∗gk(s) with respect to the domain

D then T
[p,q]
k ≤ T

[p,q]
kf

T
[p,q]
kg

provided the sign of equality holds in ρ
[p,q]
k ≤ ρ

[p,q]
kf

+ ρ
[p,q]
kg

.

Proof. We have

ρ
[p,q]
kf

= lim sup
σ→∞

log[p]Mfk,D(σ)

log[q]σ

and

ρ
[p,q]
kg

= lim sup
σ→∞

log[p]Mgk,D(σ)

log[q]σ
.

Hence for an arbitrary ε > 0,

log[p]Mfk,D(σ)

log[q]σ
≤ (ρ

[p,q]
kf

+
ε

2
)

or, log[p]Mfk,D(σ) ≤ (ρ
[p,q]
kf

+
ε

2
) log[q]σ

or, log[p−1]Mfk,D(σ) ≤ exp[(ρ
[p,q]
kf

+
ε

2
) log[q]σ]

and similarly

log[p−1]Mgk,D(σ) ≤ exp[(ρ
[p,q]
kg

+
ε

2
) log[q]σ].

Now taking product we get,

log[p−1]Mfk,D(σ) log[p−1]Mgk,D(σ) ≤ exp[(ρ
[p,q]
kf

+ ρ
[p,q]
kg

+ ε) log[q]σ].

Thus if

[log[p−1]Mfk,D(σ) log[p−1]Mgk,D(σ)] ∼ log[p−1]Mfk∗gk,D(σ)

then we get from above

log[p−1]Mfk∗gk,D(σ) < exp[(ρ
[p,q]
kf

+ ρ
[p,q]
kg

+ ε) log[q]σ].
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Therefore,

lim sup
σ→∞

log[p]Mfk∗gk,D(σ)

log[q]σ
≤ [ρ

[p,q]
kf

+ ρ
[p,q]
kg

] + ε.

Hence ρ
[p,q]
k ≤ ρ

[p,q]
kf

+ ρ
[p,q]
kg

.

Again from (1.8)
log[p−1]Mfk,D(σ)

[log[q−1]σ]
ρ
[p,q]
kf

(D)
< T

[p,q]
kf

(D) + ε

and
log[p−1]Mgk,D(σ)

[log[q−1]σ]
ρ
[p,q]
kg

(D)
< T

[p,q]
kg

(D) + ε.

Now taking product we get,

{
log[p−1]Mfk,D(σ)

[log[q−1]σ]
ρ
[p,q]
kf

(D)
}{
log[p−1]Mgk,D(σ)

[log[q−1]σ]
ρ
[p,q]
kg

(D)
} < (T

[p,q]
kf

(D) + ε)(T
[p,q]
kg

(D) + ε).

If
[log[p−1]Mfk,D(σ) log[p−1]Mgk,D(σ)] ∼ log[p−1]Mfk∗gk,D(σ)

then we get from above

log[p−1]Mfk∗gk,D(σ)

[log[q−1]σ]
ρ
[p,q]
kf

(D)+ρ
[p,q]
kg

(D)
< (T

[p,q]
kf

(D) + ε)(T
[p,q]
kg

(D) + ε).

Since ρ
[p,q]
k = ρ

[p,q]
kf

+ ρ
[p,q]
kg

then

lim sup
σ→∞

log[p−1]Mfk∗gk,D(σ)

[log[q−1]σ]ρ
[p,q]
k (D)

≤ T
[p,q]
kf

(D)T
[p,q]
kg

(D)

i.e.,
T

[p,q]
k ≤ T

[p,q]
kf

T
[p,q]
kg

.

This completes the proof.

Theorem 2.4. If

ρ[p,q](D) = lim sup
σ→∞

log[p]Mf,D(σ)

log[q]σ

then

lim sup
σ→∞

log[p]µf,D(l + σ)

log[q]σ
≤ ρ[p,q](D)
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and lim sup
σ→∞

log[p]µf,D(l + σ + ε)

log[q]σ
≥ ρ[p,q](D)

K
, where K is a positive constant.

Proof. We have from Theorem 1.1

µf (l + σ) ≤Mf,D(σ)

i.e., lim sup
σ→∞

log[p]µf,D(l + σ)

log[q]σ
≤ lim sup

σ→∞

log[p]Mf,D(σ)

log[q]σ

So, lim sup
σ→∞

log[p]µf,D(l + σ)

log[q]σ
≤ ρ[p,q](D).

Also
Kµf (l + σ + ε) ≥Mf,D(σ)

i.e., lim sup
σ→∞

log[p]µf,D(l + σ + ε)

log[q]σ
≥ 1

K
lim sup
σ→∞

log[p]Mf,D(σ)

log[q]σ

So, lim sup
σ→∞

log[p]µf,D(l + σ + ε)

log[q]σ
≥ ρ[p,q](D)

K
.

Hence the result.
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