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1. Introduction

In this paper we denote complex and real n-space by C" and R" respectively. We
write the elements (s1, So, ..., $n), (Re s1, Re sa, ..., Re s,,), (01, 09, ..., 0,), (M1, ma,
.,my) ete. of C" by their corresponding unsuffixed symbols s, Re s, o, m etc.
respectively.
For x,y € C", we define z = (z1, T2, ..., Zn), ¥y = (Y1, Y25 -y Un), Y = (T1Y1, TaYa, .-,
Toln), ||Z|| = z1+ 224 20, 41T = (2147, 29+, . 2+ 1) for r € R By 1™ we
shall mean the Cartesian product of n copies of I where [ is the set of non-negative
integers. For k € I, k will denote the real n-tuple (k, k, ..., k). For an entire function

f with domain C", f* will denote the function ag‘lk‘;n, where k € I" and f© = f.

s1 - Osp

Consider the multiple Dirichlet series

f(s1,82, .., 8,) = Z Uy g €ED(S1 A1y + S2A2m5 + oo + SnAnmy,)
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ie., f(s) = Zamewp\]s)\nmnH, (sj=0;+1t;, 7=1,2,..,n) (1.1)
m=1

where a,, € C, A\, denotes the real-tuple (A, Aamys s Anm, ); 0 < Ay, < A, <
e < Ap, 00 as k— 00, forp=1,2,...,n.
Janusaukas [2] had shown that if there exists a tuple p > 0 = (0,0, ..., 0) such that

bl

lim sup k=119 _ (19)
[[m||—oc0 [P Am, ||

then the domain of absolute convergence of the series (1.1) coincides with its domain

of convergence.

The necessary and sufficient [4] condition that the series (1.1) satisfying (1.2) to

be entire is that

loglam|

lim sup =

—00. (1.3)

For two entire functions f and g, Hadamard product [6] f * g is defined by

F(8) % g(s) =Y ambmeapl|shum,

(1.4)
m=1
where f(s) =3 amexp||sAnm, || and g(s) = D7 bpexp||shupm. |-
For k € I™, we define
fk(s) = Z /\knmnamepoS/\nmnH (1.5)
m=1
and
fF(s)* g*(s) = Z MK Gmbmexp|[sAnm., || (1.6)
m=1

Following Sato [3], we write logl”z = z, expl”z = 2 and for positive integer m > 1,
log™z = log(log™~Yx), expa = exp(exp™ ).

In this paper F' stands for the family of all multiple Dirichlet series of the form
(1.1) satisfying (1.2) and (1.3). Then f € F denotes an entire function over C". For
given | € R", Sarkar [4] defined the poly half plane D as D = {s: s € C", Re s =
o < l}. Then the region D + r depending on the parameter r € R is defined as
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D+r={s+r:se D}. For any f € F, Sarkar [4] defined the maximum modulus
M p(r) with respect to the region D where r € R as

My p(r) = sup{|f(s)|: s € D+r}.
Also the maximum term gy = pug(o) at 0 € R" is defined by

pi(o) = sup {lamlexpl|loAnm, |[}

me

where N is the set of all positive integers.

Definition 1.1. [}/ The Gol’dberg order p(D) of f with respect to the domain D
1s defined as
M
p(D) = lim sup M'

r—00 r

Definition 1.2. [4] The Gol’dberg order py(D) of f* with respect to the domain
D s defined as
loglogM
pr(D) = lim sup 09709 fkﬂ(r).

7—00 r

Definition 1.3. [}/ The Gol’dberg type 7(D) of f with respect to the domain D is
defined as

logM
(D) = limsupog—f’D(r), if p(D)>0.

r—00 erP(D)

Definition 1.4. [}/ f € F is of Gol’dberg order p iff p = p(D) = Hmsup||,, o0
[ Awma || Log][ Anm, |

—log{|am|¢p(m)}
In [4], Sarkar proved the following theorems.

Theorem 1.1. Let f € F. Then

where ¢p(m) = sup,ep | exp||shum,|| |-

pr(l+o) < Myp(o) < Kpg(l+o0+€)

where K is positive constant depending on € € R .

Theorem 1.2. Let f € F. Then for any K € R

(i) p(D + K) = p(D)
(ii) If p(D) > 0, then 7(D + K) = e 7(D) where p = p(D).
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In [1], Alam proved the following theorems.
Theorem 1.3. The function f*x g* as defined (1.6) is an entire function.

Theorem 1.4. Let f and g be entire functions where

f*(s) = Z A amexp{sAnm, }
m=1

and

g"(s) = Z A bmexp{sAum, }
m=1

having G-order py, (0 < pp, < 00) and py, (0 < pr, < 00) respectively. Then

TR (s)xg"(s) is an entire function with G-order py, such that py, < (pkfpkg)% provided

that
1

N[

log ~ [log log 2.

IA2K @by |

nmn,

| Ay, G|
Theorem 1.5. Let f* and g* be entire functions of G-order pr; (0 < pr, < 00)
and pg, (0 < pr, < 00) and finite G-type Ty, (D) and Ty, (D) respectively having
the same fundamental domain D. If f* x g* is of G-order py (0 < pp < 00), where
logM gk g (1) ~ logM i p(r)logMy p(r), then py < pr, + pr,-

Also if Ty(D) be the G-type of f* x g& with respect to the domain D then Ty(D) <
Ty, (D)Ty, (D) provided the sign of equality holds in pr < pi, + pr,-

In [5], Singh and Rastogi proved the following theorems.

Theorem 1.6. Let f be an entire function defined in domain D and k € R. Then

(i) pY(D + k) = p*(D)
(ii) If p?(D) > 0, then TU(D + k) = T(D).

Theorem 1.7. Let f and g be entire functions, where

f*(s) = Z )\ﬁmname;vp{s)\nmn}
m=1

and

g"(s) = Z A bmexp{sAum, }
m=1

having ¢ Gol’dberg order pi (0 < pzf < 00) and ng (0 < pig < 00) respectively.
Then f*(s)* g*(s) is an entire function with ¢ Gol’dberg order p} such that pi <
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(p%f Ph, )2 provided

L
N o]

N|=

log log

1
DN a1

nmy - m

U

Theorem 1.8. Let f* and g* be entire functions with ¢ Gol’dberg order pzf (0 <
pi < o0) and ng (0 < ng < 00) respectively and also ¢ Gol’dberg type T,ff and
Ty, Then py < py, + py, and also Ty} < Ty (D)T; (D).

Theorem 1.9. If

logld M
p?(D) = lim sup 209 .0\9) £.0(9)
o300 logo
then
logld l
lim sup ' py,p(l + o) <
o—00 lOgU
and
logld l
lim sup 09yl + 0 +¢) > B,
o—00 logo k

where k 1s a positive constant.

With this in view we first introduce the following definitions.
Definition 1.5. The (p,q)"* Gol’dberg order of an entire function f in the corre-
sponding domain D is defined by

loglP! M
pP4(D) = lim sup Og—f’D@)
o—00 lOg[q]U

Definition 1.6. The (p,q)™" Gol’dberg type of an entire function f in the corre-
sponding domain D is defined by

log?~"M; p(o)
[pvq] — |3 f,.D
TP4(D) h(rjr;szp Tog—Tlg] /1D

Definition 1.7. The (p,q)"* Gol’dberg order of an entire function f* in the cor-
responding domain D is defined by

loag!P! M
p,[f;’q](D) = lim sup °d fk’D(g).

o—00 lOg[q]U

(1.7)
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Definition 1.8. The (p,q)" Gol’dberg type of an entire function f* in the corre-
sponding domain D is defined by

log[p_l]Mfk,D(a)

]pz’f*‘ﬂ (D)

Tk[i’q](D) = lim sup

T—00

(1.8)
[loglai—llg

2. Main Results
With these definitions of (p, q)* Gol’dberg order and (p, ¢)"* Gol’dberg type we
prove above theorems in this direction.

Theorem 2.1. Let f be an entire function defined in domain D and K € R. Then
(i) pP(D + K) — pbal(D)
(i) If p»9(D) > 0, then T4 (D + K) = TWP4(D).

Proof. (i) Let K € R. Then from the definition of p[4(D) we write
, logP! M p(o + K)
(D) =1 f,
prD) i logld(o + K)

. log[p]Mf,D-i-K(O-) log[Q](o->
= lim sup
P T ogli(o) logll(o + K)
= pPI(D + K).
1 the definition o , we write
(ii) By the definiti f TlPa (D) .
loaP= U M K
T04(D) = limsup 29 __Mpolo + K)
oo [logle=l(o 4 K]0
lOg[P—l]Mf D+K(U) [log[q—l}o,]p[pﬁq](D)
= lim sup ,
oo [loglelg]p® (D) [[ogla—1l(g + K)]pP9(D)
=Tr(D + K).

Remark 2.1. From Theorem 2.1, it is clear that the (p,q)"" Gol’dberg order and
(p, @)™ Gol’dberg type of f € F are independent of the choice of the poly half plane
D.

Theorem 2.2. Let f and g be entire functions, where

f*(s) = Z A amexp{sAnm, }
m=1

and

g"(s) = Z A bmexp{sAum, }
m=1
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having (p, )th Gol’dberg order p[pq] 0 < p[pq} o) and p[pq] 0 < p[pq} < 0)

respectively. Then f*(s) x g*(s) is an entire functzon with (p, q)™ Gol’dberg order

[p,q] gl ( [p,4] [pq])

pr - such that py Pr, P provided

w\»—A

l0g"! Mpi, v p(0) ~ [log" My p(0).log® Me p (o).

Proof. We have f*(s) % ¢*(s) is an entire function by Theorem 1.3.
Now from the definition of (p,q)" Gol’dberg order of entire functions f* and ¢*
we write,

logP! M 1« p(o)
pal _ g f*.D
Pe, = hlrfnﬁs;ip loglo
and .
log! M o
pgf’q —limsup—g ¢+.0(9)
o300 logldo

Hence for an arbitrary ¢ > 0,

log[p}Mfk’D(a)

[p.d]
<
logldo - (p + 2)
and . (o)
logP Myx p(o pa | €
i < q —).
log[q}a — (pkg + 2)

Now taking product we get,
log[p]Mfk7D(a).log[p]Mgk,D(a)

[p,q] gl | €
(Pkf +2)(Pk +2>

(logldo)?
or,
(log[(ﬂg) kaf + 2)(pkg + 2)]2-
Now if

109" M pi, i p(0) ~ [log? M s p(0).log? My (o))

then we get from above

log[p]Mf’“*g’ﬁD(U) [p,d] [p,q] i
lOg[(ﬂO' [(pkf +2)(pk9 +2)]2
Therefore,
. log[p]M kxgk D(O‘) 1
lim sup fregh, [pl[iofq] pl[gpgq]}z'

o—00 lOg[q]U
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p.a] < ( [p,q] [pq])%_

Hence pj, Pr; Pk,
Theorem 2.3. Let f*(s) and g"(s) be entire functions with (p, q)™ Gol’dberg order
pggq} (0 < p[p ) o0) and p[p ) (0 < p[p . o0) and finite (p,q)™ Gol’dberg type

Tk[z; 4 and Tk[]; u respectively having the same fundamental domain D. If f*(s) *
g*(s) is of (p,q)™" Gol’dberg order p[pq} (0 < p[pq] < 00), where [log? UM p
() Log? VM. p ()] ~ Log?™! Mg p(0), then plP™ < pl¥ +pP 0

Also if T[pq be the (p,q)™ Gol’dberg type of f¥(s)* g*(s) with respect to the domain
D then T[p 4 < T[p q}T[p 1 provided the sign of equality holds in p[p a4 < p,[:;q] +p[p A,

Proof. We have

logP! M v (o)
[p q] 3 g f 7D
Pe, = h(rynﬁs;ip loglo
and .
log®' M . p(0)
pal g g gk, D
Pr, = hl;ﬂ_> Solip —log[‘ﬂa .
Hence for an arbitrary € > 0,
logP! M p(o) G
logity = Pk T3)
or, log"!' M p(o) < (p,[zfﬂ )log

o, log"IMp, p(0) < eapl(pf; + 3) log"o]

and similarly
log" 1My, p(0) < expl(pf,” + 3) logllo].

Now taking product we get,
Log?" M (o) log? UMy (o) < exp(p} [M] + p[p 44 €) logilo].

Thus if
[log[p_l]Mfk7D(a) log[p_l]Mgk,D(a)] ~ log[p_l]Mfk*gij(a)

then we get from above

Log? M i, e (o) < exp[(p,[:;q] + p[p 4 €) logla).
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Therefore,
loglP M .,
lim sup i gk’D<U)
o—00 lOg[q}O—

[p,q] < p[pq] +p[pq}

[p][:;tﬂ“'ﬂ[pq]]“'

Hence p,
Again from (1. 8)
log? UM p (o)

]pz’;q](m

< TPUD) + ¢
[log[q—l]o' !

and .
loglP— ]Mgk,D<O')

]p%;‘ﬂ (D)

< TPU(D) +e.
[log[q—l]o' !

Now taking product we get,
{log[p M p(o), log?P= UMy p(o)

logla1la]?%" P [logla=1lg)ts" )

If
[log[p_l]Mfk,D(a) log[p_I]Mgk7D(a)] ~ lOg[p_l]Mfk*gk7D(O')

then we get from above

logP~ UM r, g0 p(0)
]pkf% y+oi (D)

- < (T2N(D) + &)(TN(D) + ).
[logla~t

Since p[p 4 — pgffd + pZ’q"’] then

lng 1]Mfk*9 ,D (0> < T[Pﬂ](D)Tk[WI](D)

lim sup ]Efq(D) > Ly

0—00 [log 1]y

ie.,
Tk[P’(I] S Tk[l;’(ﬂ T]Li;ﬂ} .

This completes the proof.
Theorem 2.4. If

logP! M p (o)
[p.q] — i A A
pP U (D) = hin_}S;ip Togllo
then .
[ l
lim sup 09" 1s.p(l +0) < pPd(D)

o—00 lOg[‘ﬂU

b < (TPND) + e)(TPN(D) +e).

23
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log!?! l pal(D
and lim sup 09" 1iypl + 0+ ¢) > pr(D)
o300 logldo K

Proof. We have from Theorem 1.1
pr(l+0) < My p(o)

log!?! I loaP M
i.e., limsup 09" 11y.p(l + ) < hmsupOg—va(U)
o—00 log[‘ﬂo T—300 log[Q]a'

, where K 1is a positive constant.

loalP! l
So, limsup 09" psp(l +0)
F—r00 logldo

< plpd (D).

Also
Kus(l4+o+¢€) > Msp(o)

logl?! l 1 logl?! M
ie., limsup —2 peo(l+0+e) > — limsup -2 £0(0)
T—00 lOg[Q}O' K 0300 lOg[Q]O'
logl?! l p.dl (D
So, limsup 09" pty.p(l +0 +€) > el )
0—00 log[‘ﬂo- K

Hence the result.
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